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AB ST RACT 

The perf 'ormance of  coded phase  c o h e r e n t  systems when 
t h e  r e c e i v e r  i s  d e s i g n e d  s o  t h a t  n e a r l y  a l l  o f  the d e t e c t o r  c a n  
b e  r e a l i z e d  b y  a d i g i t a l  computer has been  s t u d i e d .  In p a r t i -  
c u l a r  t h e  ana logue  t o  d i g i t a l  o p e r a t i o n  h2.s been i n v e s t i : < a t e d  
v i i th  t h e  hope of s i m p l i f y i n g  t h i s  ope i - a t ion  s o  t h a t  l o n p e r  phase 
cotied :lessage a l p h a b e t s  ( w h i c h  a c h i e v e  b e t t e r  systcin perfor- 
mance) c o u l d  be  r e a l i z e d .  

Large a l p h a b e t  phase  c o h e r e n t  codes  a re  of i n t e r e s t  
I n  s p a c e  communication a p p l i c a t i o n s  because  t h e y  t r a d e  Sand- 
w i d t h  for improved sys t em per formance .  Thus we f i n d  cocied 
p h a s e  c o h e r e n t  sys t ems  be ing  u s e d  for t h e  P ioneer -Mar iner  6 9  
Programs and i n  a d d i t i o n  t h e y  a p p e a r  a p p l i c a b l - e  to f u t u r e  
manned s p a c e  f l i g h t  programs.  

c o n v e r t e r s  c a n  be used  i n  nonoptimum d e t e c t o r s  t o  a c h i e v e  
!?ear optimum per formance .  

The r e s u l t s  o b t a i n e d  demons t r a t e  t h a t  s i m p l e  A/D 

L /  t SEE REVERSE S I D E  FOR DISTRiElJTIOH LIST 
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TE CHI4 1 C AL M EM OR AN DUN 

The adven t  of  t h e  s p a c e  age has l e a d  to t h e  development 
of new communication t e c h n i q u e s  s i n c e  s p a c e  communication l i n k s  
have d i f f e r e n t  c o n s t r a i n t s  t h a n  a re  u s u a l l y  found i n  more conven- 
t i o n a l  communication sys tems.  Thus where s p a c e  systems a re  nor -  
m a l l y  power l i m i t e d  w h i l e  hav ing  r e l a t i v e l y  l a rge  bandwidths  t h e  
r e v e r s e  i s  t r u e  f o r  Ear th  t o  E a r t h  l i n k e d  systems. T h e r e f o r e  
coding  t e c h n i q u e s  which improve pe r fo rmance  a t  t h e  expense  of  
bandwidth a r e  r e c e i v i n g  a good d e a l  o f  a t t e n t i o n .  One 
such  g roup  of codes  i s  M ' a r y  o r t h o g o n a l  and b i - o r t h o g o n a l  bina1.y 
codes t r a n s m i t t e d  by b i -phase  m o d u l a t i n g  a c a r r i e r .  This i s  com- 
monly r e fe r r ed  t o  as coded phase -cohe ren t  t r a n s m i s s i o n s  and has 

been d i s c u s s e d  i n  great  d e t a i l  by V i t e r b i .  1,2,3,x 

M ' a r y  o r t h o g o n a l  codes  are codes  which have  t h e  f o l l o w i n g  
p r o p e r t y .  L e t  ( S i ( t ) :  
code words of  l e n g t h  PIT. Then 

i=1¶2, ... ¶ M I  b e  a s e t  o f  M o r t h o g o n a l  

The re  are s e v e r a l  w a y s  of  g e n e r a t i n g  o r t h o g o n a l  codes .  
We r e s t r i c t  o u r  i n t e r e s t  t o  t h o s e  t h a t  a re  c o n s t r u c t e d  from b i n a r y  
s e q u e n c e s .  I n  p a r t i c u l a r  we conce rn  o u r s e l v e s  w i t h  those codes  
t h a t  can b e  g e n e r a t e d  from Rademacher-Walsh f u n c t i o n s ,  as i l l u s -  
t r a t e d  i n  F i g u r e  1 f o r  M=2 and  M=4.** It can  be  s e e n  t h a t  t h e s e  

* T h i s  i s  t o  be  d i s t i n g u i s h e d  from MPSK which t rades  
pe r fo rmance  f o r  bandwidth c o n s e r v a t i o n .  

**Given t h a t  o u r  code s e t  for M=V i s  S l ( t )  ... SV(t), a l l  
of which are  Rademacher-Wal-sh f u n c t i o n s , - t h e n  f o r  M=2V our 
code s e t  i s  S l ( t )  + Sl(t-VT2V), S l ( t )  + Sl(t-VT2V) 
S 2 ( t )  + S2(t-VT2v) ... S V ( t )  + sv(t-VT2V) where TM i s  t h e  c h i p  
n i d t h  of any symbol i n  t h e  M ' a r y  code s e t  and zM(t) i s  t h e  

complementary s i g n a l  SIq( t  1. 

. --- I - _, % ?  .TF-r--- . . C r i M ' .  . 
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i l l u s t r a t e d  codes s a t i s f y  t h e  o r t h o g o n a l i t y  c o n d i t i o n  Kiven 
i n  e q u a t i o n  (1). 

T h e  b a s i c  communication s y s t e m  model f o r  t h e  t r a n s -  
in i s s i o n  o f o rt h otr, on a 1 :j coded p h as e - c oh e r e n t  s i g n a 1 s i s [; 5 ven 
i n  F i g u r e  2. T h e  t r a n s m i t t e d  s i g n a l  ( t )  ( o n e  of PI p o s s i b l e  
s i g n a l s ) ,  i s  d i s t o r t e d  bv a d d i t i v e  Gauss i an  n o i s e ,  n ( t )  w h i l e  
i n  t r a n s m i s s i o n .  The r e c e i v e d  s i g n a l  i s  t h e n  p a s s e d  th rough  
a c a r r i e r  d e t e c t o r  which c o h e r e n t l y  d e t e c t s  each  o f  t h e  b i n a r y  
d i g i t s  o f  t h e  t r a n s m i t t e d  message. The  r e s u l t a n t  v i d e o  s i g n a l  
z ( t )  ( M  b i n a r y  d i g i t s  l o n y )  t h e n  r e p r e s e n t s  t h e  bes t  es t imate  
of t h e  t r a n s m i t t e d  message S . ( t ) .  z ( t >  , i s  passed t h r o u g h  a 
message d e t e c t o r ,  which i s  d e s i g n e d  o p t i m a l l y  from a s t a t i s t i c a l  
d e c i s i o n  t h e o r y  p o i n t  o f  view w i t h  t h e  r e s u l t  t h a t  t h e  s i g n a l  
z ( t )  i s  c o r r e l a t e d  w i t h  t he  !,I S k ( t )  p o s s i b l e  t r a m s m i t t e d  si:- 

n a l s  t o  form t h e  s e t  or M e n e r g y  measures  { U k l .  
measure U 
o c c u r s .  j 

" j  

J 

I f  t h e  energy  
i s  n o t  g rea t e r  t h a n  a l l  . o t h e r  Uk ( k f j )  a n  e r r o r  

The advan tage  o f  t r a n s m i t t i n g  o r t h o g o n a l  s i g n a l s  b y  
n coded bi -phase modulated 1' a r : ~  keqi.i.e!?cc O v e r  say 2.2 ".': a r y  
e x t e n s i o n  of  PSK i s  t h a t  t h e  r e c e i v e r  can be r e a l i z e d  w i t h  
o n l y  one r a d i o  f r e q u e n c y  c a r r i e r  matched f i l t e r .  F o r  IiIFSK Pl 
such  f i l t e r s  are r e q u i r e d . "  Such a r e q u i r e m e n t  i s  d i f f i c u l t  
t o  r e a l i z e  p h y s i c a l l y  f o r  r e a s o n a b l y  l a r g e  v a l u e s  of  74 

( M > 3 2 ) .  I n  a d d i t i o n  coded phase -cohe ren t  t r a n s m i s s i o n s  a l l o w  
one t o  code b i o r t h o g o n a l l y  which pe r fo rms  a t  l e a s t  as we l l  i n  
ha l f  t h e  bandwidth as o r t h o g o n a l l y  coded systems. I t  has 
been  shown2 *hat  when a r e c e i v e r  such  a s  d e s c r i b e d  b y  F i g u r e  2 
i s  r e a l i z e d  for o r t h o g o n a l l y  coded  (or b i o r t h o g o n a l l y  coded)  
s y s t e m s  t h e  p r o b a b i l i t y  of b i t  e r r o r  P e ,  f o r  a f i x e d  t r a n s -  
m i t t e r  power and data  r a t e ,  d e c r e a s e s  as I4 i n c r e a s e s  w h i l e  

the  bandwidth i n c r e a s e s  b y  a f a c t o r  log 

f o r  b i o r t h o g o n a l  and  - 

o r t h o g o n a l  s y s t e m s  i s  i l l u s t r a t e d  i n  F i g u r e  3.  

f o r  o r t h o g o n a l  systems 
s y s t e m s .  2The pe r fo rmance  o f  M1arg 1 N 

2 iog2rq 

I n  l o o k i n g  a t  t h e  o h a s e - c o h e r e n t  r e c e i v e r  as d e s c r i b e d  
3.n F i g u r e  2 i t  i s  t o  be n o t e d  t h a t  t h e  €4 message c o r r e l a t i o n s  
are p e r f o r n e d  a t  baseband and t h e r e f o r e  t h e  use  o f  a d i g i t a l  
p r o c e s s o r  ( compute r )  t o  r e a l i z e  t h e  Message Maximum l i k e l i h o o d  
d e t e c t o r  becomes a p o s s i b i l i t y  i f  t h e  d i s t o r t i o n  due t o  ana logue  
t o  d i g i t a l  c o n v e r s i o n  can be k e p t  w i t h i n  t o l e r a b l e  l i m i t s .  T h i s  
P a p e r  i s  conce rned  w i t h  t h e  d e s i g n  o f  s u c h  an  a n a l o g u e  t o  d i g i t a l  
c o n v e r t e r  . 

*The a d v a n t a g e  o f  MFSK i s  t h a t  i t  can b e  r e a l i z e d  non- 
c o h e r e n t l y  S O  t h a t  i t  can be u s e d  i n  c h a n n e l s  where cohe rence  
c a n n o t  be m a i n t a i n e d .  
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The s i m p l e s t  ana logue  to d i g i t a l  c o n v e r t e r  or q u a n t i z e r  
.is one which c o n v e r t s  a l l  p o s i t i v e  ana logue  i n p u t s  i n t o  one p o s i -  
t i v e  v a l u e  w h i l e  e l l  n e g a t i v e  i n p u t s  go  i n t o  one n e g a t i v e  v a l u e ,  
as i s  i l l u s t r a t e d  i n  F i g u r e  4 .  

* -  

o u t p u t  

- 
I n p u t  

F i g u r e  4 Two L e v e l  Q u a n t i z e r  

A t  t h e  o t h e r  extreme a q u a n t i z e r  which i n  t h e  l i m i t  
has an i n f i n i t e  number o f  eq-ua l ly  spaced  l e v e l s  e s s e n t i a l l y  
q u a r , t i z e s  an ana logue  s i g n a l  i n t . 0  a n  e q u l v a l e n t  ana logue  s i g -  
n a l  w i t h  no  l o s s  of  i n f o r m a t i o n  s o  that d e t e c t i o n  can  be made 
optimum and a per formance  a c h i e v e d  as d e s c r i b e d  b y  F i g u r e  3 .*  
I n  t h i s  p a p e r  we d e t e r m i n e  t h e  per formance  when t h e  A / D  con- 
v e r t e r  i s  b u t  2 l e v e l s  and t h e n  Show tha t  w i t h  j u s t  a 4 l e v e l  
nonuniform q u a n t i z e r  a per formance  can  b e  a c h i e v e d  which 
approaches  w i t h i n  1 db o f  t h a t  o b t a i n e d  w i t h  a n  i n f i n i t e  
l e v e l  q u a n t i z e r .  **  

*Since  t h e  a d d i t i v e  g a u s s i a n  n o i s e  i n  t h e  c h a n n e l  r e s u l t s  
i n  a n  ana logue  o u t p u t  from t h e  b i n a r y  d i g i t  c a r r i e r  matched 
f i l t e r  t h e  A/D c o n v e r t e r  needs to b e  i n f i n i t e  t o  a c h i e v e  
optimum pe r fo rmance .  

* * T h i s  i s  demons t r a t ed  f o r  M=4 and 8. 
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Performance of an  Or thogona l ly  Coded Phase Coherent  System 
Using a 2 L e v e l  A/D ConverTer 

I n  t h i s  s e c t i o n  we assume t h e  d e t e c t o r  i s  as i l l u s t r a t e d  
i n  F i g u r e  5 below. 

lessaye Tlaxlrl II 
L i k e l i h o o d  

F i g u r e  5 Or thogona l ly  Coded Fhase Coherent  

D e t e c t i o n  Using A 2 L e v e l  S / D  C o n v e r t e r  

The advan tage  of u s i n g  a 2 l e v e l  A/D c o n v e r t e r  i s  
that i t  r e d u c e s  t h e  storage r e q u i r e m e n t s  for t h e  d i g i t a l  com- 
p u t e r  u sed  as t h e  Message d e t e c t o r  s i n c e  o n l y  one b i t  has to 
b e  s t o r e d  for e a c h  b i n a r y  d i g i t  o f  t h e  M b i n a r y  d i g i t  word. 

L e t  u s  assume t h a t  when e r r o r s  o c c u r  i n  t h e  t r a n s -  
m i s s i o n  d a t a  stream t h e y  o c c u r  i n d e p e n d e n t l y .  T h a t  i s  

t h  

t h  
PCError will o c c u r  t o  t h e  ith b i n a r y  d i g i t  of t h e  u 
message w o r d / e r r o r  has o r  has  n o t  o c c u r r e d  t o  t h e  j 
b i n a r y  d i g i t  of t h e  Vth message word, (. j t i ,  when u=V) 3 = 

PCError  w i l l  o c c u r  t o  t h e  ith b i n a r y  d i g i t  of t h e  V 
message]. 

t h  
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We n e x t  ask t h e  q u e s t i o n  how many b i n a r y  d i g i t s  of' 
. a message word need  be d e t e c t e d  i n  e r r o r  b e f o r e  a n  error i n  

t h e  message word i s  p o s s i b l e .  From e q u a t i o n  (1) we know 
t h a t  when a l l  b i n a r y  d i g i t s  are r e c e i v e d  c o r r e c t l y  for t h e  

t r a n s m i s s i o n  of t h e  j t h  word t h e n  the j t h  c o r r e l a t i o n  o u t p u t  
i s  M w h i l e  a l l  t h e  o t h e r  c o r r e l a t i o n  o u t p u t s  are  z e r o .  T h u s  
when e e r r o r s  a re  made t h e  jt" c o r r e l a t i o n  o u t p u t  must b e  
14-2e w h i l e  a p o s s i b i l i t y  e x i s t s  t h a t  a t  l e a s t  one of' t h e  
o the r  c o r r e l a t i o n  o u t p u t s  w i l l  be as h i g h  as 2e. 
i f  

T h e r e f o r e ,  

M-2e 5 2e 

t h e r e  is a p o s s i b i l i t y  t h a t  a word w i l l  be  r e c e i v e d  i n  e r r o r .  

It i s  r e a s o n a b l e  to assume t h a t  t h e  b i n a q  d i g i t  
e r r o r  r a t e  i s  l e s s  t h a n  1 / 2  s o  t h a t  t h e  most p r o b a b l e  e v e n t  
t h a t  will l ead  t o  e r r o r s  o c c u r s  when e e q u a l s  I'4/4. 

T h i s  means t h a t  there  i s  a t  l e a s t  one  c o r r e l a t o r  
o u t p u t  i whose o u t p u t  va lue  i s  e q u a l  to t h e  j t h  c o r r e l a t i o n  
o u t p u t  where S 

To f i n d  t h e  c o n t r i b u t i o n  t o  t h e  p r o b a b i l i t y  of  word e r r o r  
when e = M / 4  w e  p r o c e e d  i n  t h e  f o l l o w i n g  manner .  A l l  error 
vectors  f o r  a g i v e n  t r a n s m i t t e d  word s a y  S i  i n  which M/4 e r r o r  

i s  t h e  t r a n s m i t t e d  message word and i s j .  
j 

J 

o c c u r  are g e n e r a t e d .  There are M! = (i) such  v e c t o r s .  

For each e r r o r  v e c t o r  z we compute t h e  i n n e r  p r o d u c t  < S  z . >  

for  a l l  i. I f  w e  assume t h a t  when t h i s  e r r o r  v e c t o r  i s  
g e n e r a t e d  t h e  j th  and L o t h e r  c o r r e l a t i o n  o u t p u t s  have t h e  

same o u t p u t  v a l u e  t h a n  w i t h  a c o m p l e t e l y  random d e c i s i o n  

y j  i YJ 

rule ( i n  case o f  such t i e s )  w e  w i l l  make a n  e r r o r  - L-l o f  L 
t h e  t i m e .  T h e r e f o r e  t h e  p r o b a b i l i t y  t h a t  an  e r r o r  i s  made 
and e = M / 4  g i v e n  t h a t  t h e  j t h  message i s  t r a n s m i t t e d ,  and  
1-1 b i n a r y  d i g i t s  are i n  e r r o r  in such  a m a n n e r - a s  to produce  

e r r o r  v e c t o r  z ( P ( E I  e = q, s z > >  i s  
y j  3 '  y j  

e 
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where  

p = p r o b a b i l i t y  of a b i n a r y  d i g i t  error. 

Number of  c o r r e l a t o r  o u t n u t s  v i t h  maximum i n n e r  n r o d u c t  Irlilzus e!:- 
Number o f  c o r r e l a t o r  o u t p u t s  with maximum i n n e r  p r o d u c t  __- K =  

v j  

The p r o b a b i l i t y  of word e r r o r  when e = M/4, 
M P ( E I  e = 3 )  i s  t h u s  

where 

K = -  1 
M 

y=1 

(2) 

( 3 )  

T h e r e f o r e  we can w r i t e  a lower  bound t o  t h e  word error 
p r o b a b i l i t y  (PL(E)) i n  t h e  f o l l o w i n g  manner 

To o b t a i n  a n  uppe r  bound ( P U ( E ) )  w e  assume t h a t  f o r  e > M/4 an  
error i s  a c e r t a i n t y .  Thus 

*When M = 2 e q u a t i o n s  ( 4 )  and ( 5 )  do n o t  a p p l y .  However t h e  
same p r o c e d u r e  u s e d , t o  f i n d  P L ( E )  f o r  M 2 4 c a n  be  used  t o  
obtain f o r  M = 2 P(E) = p. 



. 
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P L ( E )  + 
14 i=p1 

- 10 - 

(!) pi(l-p) M - i  

To  i l l u s t r a t e  t h e  Drocedures  
f o l l o w i n g  example w i l l  p r o v e  h e l p f u l .  
S .  message words or v e c t o r s  i s  

3 

5 

used  to 
The  s e t  

4 

c a l c u l a t e  K the 
o f  o r t h o g o n a l  

s1 1 1 1 1  

s2 1' 1 -1 -1 

1 -1 1 -1 3 .S 

1 -1 -1 1 s 4  

F o r  e a c h  S t he re  a re  (;) error v e c t o r s  w i t h  e = 1. T h e  f o u r  
3 

z v e c t o r s  are U 

1 1  1 - 1  

1 1 - 1  1 

1 - 1  1 1  

- 1 1 1 1  

11 

1 2  

'13 

'14 

z 

Z 

T h e r e f o r e  

<sl Zll> = 2 

<s2 Z l l >  = 2 

<s3 Zll> = 2 

<s4 Z l l >  = -2  

*See f o o t n o t e  on t h e  p r e v i o u s  page.  
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W i t h  t h e  r e s u l t  t h a t  

2 - 
K1l - 7 

To compute K and  t h e  uppe r  and lower  bounds a. computer 
program was g e n e r a t e d .  The program i s  d e s c r i b e d  i n  Appendix A.* 
The r e s u l t s  o b t a i n e d  are  g i v e n  i n  T a b l e  I .  A s  can  be  s e e n  from 
t h e  t a b l e  t h e  bounds a r e  ex t r eme ly  c l o s e .  U n f o r t u n a t e l y  t h e  
p r o c e s s  of f i n d i n g  k i n  t h e  manner d e s c r i b e d  f o r  h i g h  v a l u e s  
o f  I4 becomes unmanageable.  A s  a n  example w i t h  M = 3 2 ,  o v e r  t e n  
m i l l i o n  (3i) e r r o r  v e c t o r s  m u s t  b e  gene ra t ed .  
the r e s u l t s  p r e s e n t e d  i n  T a b l e  I i n  d e t a i l  we d e r i v e  a second 
s e t  o f  b o m d s  which a l l o w s  u s  t o  o b t a i n  i n f o r m a t i o n  on t h e  p e r -  
formance  o f  32 'a ry  and 6 4 ' a r y  s y s t e m s .  

Be fo re  we e v a l u a t e  

A Second S e t  o f  Bounds - 

Assume w e  t r a n s m i t  Si and b i t  e r r o r s  a re  made. 

e l e m e n t s  i n  
J 

Now w e  know t h a t  S i  (i+j) i s  a v e c t o r  t h a t  has 

iommon w i t h  S j  (due  to o r t h o g o n a l l y  c o n d i t i o n )  t h u s  i f  
11 <Si z 

must  have  been  made i n  t h e  

b o t h  S, and S 
y ' s  f o r  which <S z > = - is  s imply  t h e  c o m b i n a t o r i a l  @). Next w e  n o t e  t h a t  for e a c h  z t h e r e  may be more t h a n  one 

i for which <Si z 

f o r  each such  y on ly  one i can s a t i s f y  <Si z 

> ( i + j )  i s  to e q u a l  7 a l l  b i n a r y  d i g i t s  i n  e r r o r  5 e l e n e n t s  which are  i d e n t i c a l  i n  
y j  

Thus f o r  a g i v e n  i and j t h e  number of  p o s s i b l e  
j' I 

i yj 2 

y j  

> = - i s  t r u e .  However i f  w e  assume t h a t  y j  2 
> = - t h e n  a t  y j  2 

e r r o r  p a t t e r n s  ( z  Is) l e a d  to a p o s s i b l e  e r r o r .  
mos t  ()I-1) (3 y j  

I f  w e  a p p l y  o u r  random d e c i s i o n  r u l e  i n  c a s e  o f  t i e s  t h e n  1 / 2  
O f  t h e  t i m e  such  a n  e r r o r  p a t t e r n  leads to e r r o r s .  T h e r e f o r e  
a n  u p p e r  bound t o  t h e  p r o b a b i l i t y  of e r r o r  g i v e n  M/4 e r r o r s  
were made i s  

*It was n o t e d  t h a t  f o r  M = 4 and M = 8 2 k was independen t  
y j  

y= 1 
of 3 .  T h e r e f o r e  t h e  program has been  w r i t t e n  f o r  j = 1 and 

y = l  
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I .  Table I Bounds on P e r f o r m a n c e  With 2 Level A/D C o n v e r t e r  
(rd = 2, 4, 8, 16) 

= kp(1-p) 
2 = PL(E) t p 

P r o b a b i l i t y  of  
b i n a r y  d i g i t  

I erior 4 I 2 I 8 16  

~ 

3. 1x10--2 

-10 4 .gx10 

4 2.0x10- 4 1.ox10- 
-14 4.9~10 

-1% 4.9~10 1.0~10-5 2.0~10-5 1. bX1o-9 

1.0~10-5 2.0x10-~ 1 .4x10- '  

1. ox10-6 2. ox10-6 1 . 4 ~ 1 0  -11 

2.0x10-5 -11 1. ox10-6 1.4~10 

1 2 14 

-22 4.9~10 
- 2 2  4.9~10 

490 
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M I n  s i m i l a r  f a s h i o n  w e  f i n d  t h a t  Pu(EI e=q+1) i s  
g i v e n  by 

while 

Thus i f  w e  add e q u a t i o n s  (61, ( 7 )  and assme t h a t  

?!hen t h e  number of e rmrs  i s  E + 2 cr g r e i t e r  an upper  bound 4 
t o  t h e  symbol e r r o r  p r o b a b i l i t y  i s  g i v e n  by 

s h i l e  i f  we i n c l u d e  e q u a t i o n  ( 8 )  w e  have  

*The a s sumpt ion  t h a t  for e a c h  y 

'I l e a d s  t o  t h e  upper  bound < s i z Y j '  = - 2 
( 6 )  i s  proven  on pages  1 4  and 15. 

o n l y  one i can  s a t i s f y  
r e p r e s e n t e d  i n  e q u a t i o n  



I 
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€4 a- t 3  -B 

A s  w i l l  b e  s e e n  s h o r t l y ,  e q u a t i o n  ( 9 )  i s  used  to 
compute t h e  uppe r  bounds f o r  M = 32 w h i l e  e q u a t i o n  ( 1 0 )  p ro -  
v i d e s  r e s u l t s  for M = 64. 

To d e r i v e  t h e  lower bound P L ( E )  w e  p r o c e e d  i n  t h e  

and some Si w e  have  
f o l l o w i n g  manner.  Assume b i n a r y  d i g i t  e r r o r s  I n  t h e  f 4 ' a r y  
t r a n s m i t t e d  word S . Then for some z 

j y j  

But t he re  may be  more t h a n  one i which s a t i s f i e s  e q u a t i o n  (11). 
L e t  n be  t h e  number of i (i+J) for which e q u a t i o n  (11) i s  t r u e .  
Then w i t h  o u r  random d e t e c t i o n  r u l e  for such  c a s e s  we have t h a t  
n 
Y o f  t i m e  whenever e q u a t i o n  (11) i s  t r u e  a word error i s  maae. n +1 

Y 
The number of u n i  ue y for a g i v e n  i for which (11) i s  t r u e  has 

been shown t o  b e  (!)while the  t o t a l  number o f  y ( # )  for which 

e q u a t i o n  (11) i s  t r u e  i s  bounded by 

Y 

< M-1 
n (minimum) 
Y 

n (maximum) 
Y 
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T h e r e f o r e  t h e  p r o b a b i l i t y  o f  word e r r o r  g i v e  I'l/l-i brinary d i g i t s  
.were d e t e c t e d  i n  e r r o r  P ( E I  e=M/4) i s  bounded b y  

A s  n o t e d  e a r l i e r  n (min)  i s  equal to one.  T o  d e t e r m i n e  
n (max) w e  p r o c e e d  i n  t h e  f o l l o w i n g  manner.  L e t  S be the t r a n s -  
m i t t e d  symbol.  L e t  t h e  b i n a r y  d l g i t  p o s i t i o n s  o f  a g i v e n  message 
word S,(a+j) i n  which t h e  b i n a r y  d i g i t s  a g r e e  be c a l l e d  t h e  a 
p o s i t i o n s  w h i l e  t h o s e  i n  w h i c h  t h e r e  i s  no  agreement  are  c a l l e d  
t h e  b p o s i t i o n s .  We now ask t h e  f o l l o w i n g  q u e s t i o n ;  wha t  i s  t h e  
maximum number of  p o s s i b l e  symbols ( S  a=1,  2 ,  ..., l'4) t h a t  can  
have  2 a p o s i t i o n s  i n  common? 
-of g e n e r a l i t y  w e  r e f e r  t o  F i g u r e  6 .  

Y 
Y j 

CY 
To answer t h i s  a,nd w i t h  no l o s s  

t 

M F i g u r e  6 3 Message Words With B ina ry  D i g i t s  I n  Conron 
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\!e see from F i g u r e  6 t h a t  

and  s i n c e  each  e lement  of each message word can  t a k e  on onl? ;  
one of two p o s s i b l e  v a l u e s  

<Si s > = 0 
R 

and  t h e  o r t h o g o n a l i t y  c o n d i t i o n  for t h e  t h r e e  words lhas been  met .  

We n e x t  c o n s i d e r  t h e  s t r u c t u r e  of  a f o u r t h  message 
word s h  giv'en i n  F i g u r e  7 which has r4 I,- e l e m e n t s  i n  common w i t h  

t h e  p r e v i o u s  t h r e e  message words. 

'h 

t 
E b s c 2  a ' s  

F i g u r e  7 A F o u r t h  P o s s i b l e  Message Which Has Bina ry  Digits 

I n  Common With The Message Words S Si,  and S ,  
j '  

We r e a d i l y  see  t h a t  
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b u t  
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<Si Sh> = M J. - ( b  M -E1-€* )  + ( E  + E  ) + rd q- - E 2 - E 2  - (q M --E1) + El 1 2  

which r e d u c e s  t o  

o r  E = 0 f o r  o r t h o g o n a l i t y  and  1 

<SI1 Sh> = 0 iff = 0 

. * .  
o r t h o g o n a l i t y  c o n d i t i o n  and s i m u l t a n e o u s l y  t h e  

c o n d i t i o n  i s  g i v e n  i n  F i g u r e  8. Thus we have t h a t  at most  
t h e r e  are 4 message words t h a t  can have  o f  these  r e s p e c t i v e  

The on ly  message word Sh which can  p o s s i b l y  s a t i s f y  t h e  
common e lement  

b i n a r y  d i g i t  e l e m e n t s  i n  common (nmax = 4 ) .  

t 

Figure 8 The Four th  P o s s i b l e  Message Word 
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The lower bound to t h e  message e r r o r  p r o b a b i l i t y  i s  t h e n  g i v e n  b y  

E q u a t i o n s  9 and 1 4  were programmed. The program i s  
d e s c r i b e d  i n  Appendix B. The r e s u l t s  of t h i s  program a re  p r e -  
s e n t e d  i n  T a b l e  11. I n  cornpaying T a b l e  I1 w i t h  T a b l e  I we s e e  
t h a t  t h e  bounds are  n o t  as c l o s e  as t h o s e  o b t a i n e d  w i t h  t h e  
program d e s c r i b e d  i n  Appendix A .  N e v e r t h e l e s s  t h e y  a l l o w  us 
to o b t a i n  some u s e f u l  i n f o r m a t i o n  as to t h e  per formance  o f  a 
32’ary s y s t e m .  Equa t ion  1 0  was also programined ( d e s c r i b e d  in 
Appendix E3) w i t h  t h e  r e s u l t s  p r e s e n t e d  i n  T a b l e  111. Comparing 
Table  I11 w i t h  T a b l e  I1 w e  see t h a t  t h e  uppe r  bound has been  
s i g n i f i c a n t l y  improved. However t h e  uppe r  and  lower bounds for 
t h i s  c a s e  are  s t i l l  ve ry  c rude .  

T a b l e  I I T  Upper E o m d e d  Performance O f  -4 6 8 4 1 a - y  

System Using A 2 L e v e l  A/D C o n v e r t e r  

.1 

075 

05  

.025 

.01 

1.395 x 10-5 

2’.12 10 -7  

3 . 8 9 3  x 15’’ 

3 .525 x 

5.813 x 
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. 
T a b l e  I1 Bounds on Performance of  a PSI< Coded System Using a 

2 Level  A / D  C o n v e r t e r  
(M = 16 ,  32 ,  6 4 )  

I .  

I 32 P 64 

-10 5 . 1 ~ 1 0  - 5  

' 25 

.1 

075 

05 

.025  

.01 

9 . 7 ~ 1 0 ~ '  9 .  9x10-1 
~ 

9 .  339x10-1 

6 .  0x10-1 

3 . m o - 5  
- 

-10 2.2xlO 

7. O X ~ O - ~  

-12 1.2xlO 

6 . 5 ~ 1 0  -17 

-14 1 . 8 ~ 1 0  

7 . 6 ~ 1 0 - ~  1 8 . 3 ~ 1 0  -12  5 . 8 ~ 1 0  -23 

5 .ox10-6 I 1. g x l o - l l  - 2 1  2.5~10 
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To o b t a i n  a mean ingfu l  compar ison  o f  t h e  d a t a  
p r e s e n t e d  i n  T a b l e s  I through I11 t h e  v a l u e s  o f  p are  con- 
v e r t e d  to e q u i v a l e n t  v a l u e s  o f  t h e  r a t i o  o f  s i g n a l  ene rgy  
p e r  b i t  t o  n o i s e  s p e c t r a l  d e n s i t y .  S i n c e  each  b i n a r y  d i g i t  
i s  t r a n s m i t t e d  as a b i -phase  m o d u l a t i o n  t h e  r e l a t i o n s h i p  
of p to t h e  r a t i o  o f  b i n a r y  d i g i t  s i g n a l  energy  t o  n o i s e  
s F e c t r a l  d e n s i t y  i s  g i v e n  by t h e  pe r fonnance  c u r v e s  o f  a 
b i -phase  modula ted  o p t i m a l  d e t e c t i o n  system and i s  p r e s e n t e d  
i n  F i g u r e  3. S i n c e  each message c o n t a i n s  DI b i n a r y  d i g i t s  
and  c a r r i e s  log2M b i t s  of  i n f o r m a t i o n  the c o n v e r s i o n  from 
b i n a r y  d i g i t  ene rgy  to b i t  ene rgy  i s  g i v e n  by 

where E ( b i t )  i s  t h e  e q u i v a l e n t  r e c e i v e 6  e i i e r g , y  pci i  i n f o i m a t I o n  
b i t  

E ( b i n a r y  d i g i t )  i s  t h e  r e c e i v e d  ene rgy  p e r  b i n a r y  d i g i t  . 
o f  t h e  t r a n s m i t t e d  message word. 

I n  T a b l e  I V  the b i n a r y  d i g i t  e r r o r  r a t e  i s  g i v e n  as 
a f u n c t i o n  of t h e  b i t  energy t o  n o i s e  s p e c t r a l  d e n s i t y  (E/NO). 

Table I'v' f?lessage 3iiiarj- Digit E r r o r  R a t ?  ( p )  As A ~ u f i c t i o n  
O f  The Received I n f o r m a t i o n  B i t  Energy To  No i se  

S p e c t r a l  Dens i ty  (E/NCI b i t )  
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IO’ ‘ 

IO 12 I 4  -10 -8 -6 -4 -2 0 2 4 6 8  

E - C H I P  
No 

FIGURE 9 - C H I P  ERROR PROBABIL ITY AS A FUNCTION OF THE RATIO OF THE C H I P  ENERGY 
TO N O I S E  SPECTRAL DENS ITY (COHERENT PSK ASSUMED) 
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Table I V  ( C o n t i n u e d )  

M 

2 

4 

8 

1 6  

32  

64 

- 22 - 

E/NO ( b i n a r y  d i g i t  1 

11 

11 

11 

I? 

I? 

I? 

t 

3.0 

3.0 

4 . 2  

6 .O 

8 . 1  

10.3 

Using  T a b l e s  I t h r o u g h  1IV the u p p e r  and lower. bounds  
of t h e  M'ary p r o b a b i l i t y  o f  symbol e r r o r  i s  p l o t t e d  i n  F i g u r e  1 0  
as a f u n c t i o n  o f  t h e  r e c e i v e d  b i t  e n e r g y  t o  n o i s e  s p e c t r a l  
d e n s i t y  and  compared w i t h  o r d i n a r y  PSK. I t  i s  t o  h e  n o t e d  t h a t  
f o r  M > 8 and a t  l eas t  up t o  M = 64 perfoi.mance improves  as PI 
i n c r e a s e s .  Al though t h e  bounds f o r  M = 32 and  M = 6 4  are  v e r y  
c rude ,  t h e y  do  show t h i s  phenomena o c c u r r i n g  and  i n  a d d i t i o n  
p r e s e n t  r e s u l t s  which even  on a symbol e r r o r  basis  are an  
improvement  o v e r  o r d i n a r y  PSII.% T h a t  i s  if w e  assume t h a t  t h e  
I.og2M b i t s  o f  e a c h  M ' a r y  word were n o t  c h c s e n  i n  s e q u e n c e  b u t  
r e p r e s e n t e d  quasi-random data t h e n  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  
f r o m  symbol  t o  b i t  error r a t e s  can  be u s e d  

*It i s  o b v i o u s  t h a t  i f  t he re  were no improvement o v e r  
o r d i n a r y  PSK t h e r e  would b e  no r e a s o n  t o  u s e  t h i s  more complex 
c o d i n g  scheme-which  u t i l i z e s  s o  much more bandwid th .  



10- ' 

10- * 

 IO-^ 

10- 

10-7 - 

10-0 - 

10- ' 0  

Io' I 
2 

BIT ENERGY TO N O I S E  SPECTRAL DENSITY €/No (db)  

- M .  f ! I ! .  
! j / i  - . . . .  

FIGURE IO - COMPARISOH OF CODED PHASE COHERENT SYSTEMS USING A 
2 LEVEL A/D CONVERTER 
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and  t h e  improvement o v e r  PSK i s  s e e n  to b e  even  g rea t e r .  
'we  have come t o  t h e  i n t e r e s t i n g  f a c t  t h a t  even  though t h e  
q u a n t i z e r  e l i m i n a t e d  a l l  but  s i g n  i n f o r m a t i o n  impr0vement.s i n  
per formance  i s  a c h i e v e d  as t h e  coding  i s  made more complex. 
It would be  i n t e r e s t i n g  to d e t e r m i n e  t h e  per formance  o f  t h i s  
r e c e i v e r  when M goes to i n f i n i t y  to see i f  i t  a c h i e v e s  t h e  
same per formance  as  t h e  optimum r e c e i v e r .  

T h u s  

Performance Of  An O r t h o g o n a l l y  Coded Phase  Coherent  D e t e c t o r  
Using A 4 L e v e l  A/D Conver t e r  

I n  t h i s  s e c t i o n  we assume t h e  d e t e c t o r  i s  as 
i l l u s t r a t e d  i n  F i g u r e  5 excep t  t h a t  t h e  2 l e v e l  q u a n t i z e r  i s  
r e p l a c e d  b y  a f o u r  l e v e l  q u a n t i z e r .  
i s  d e s c r i b e d  i n  F i g u r e  11. 

The f o u r  l e v e l  q u a n t i z e r  

A 
z(t) OUTPUT 

F i g u r e  11 

A s  can be s e e n  i n  t h e  
q u a n t i z e r  i s  c o n v e r t e d  

A 4 L e v e l  R/D C o n v e r t e r  

l l u s t r a t i o n ,  a p o s i t i v e  i n p u t  i n t o  t h e  
to one o f  two p o s s i b l e  v a l u e s .  T h e  

q u a n t i z e r  i s  assumed to have odd s y m m e t r y  s o  a n e g a t i v e  s i g n a l  
o f  e q u a l  a m p l i t u d e  e x p e r i e n c e s  t h e  same t r a n s f o r m a t i o n  e x c e p t  
f o r  t h e  s i g n  change.  A s  can be s e e n  from t h e  diagram, a l l  
v a l u e s  o f  t h e  i n p u t  y ( t >  f o r  which  

have an o u t p u t  i ( t )  s a t i s f y i n g  lG ( t> l  = 1 whi l e  I i ( t ) l  = 2 
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1 . -  

e 

f o r  Iy(!)l 2 6 .  'The q u e s t i o n  a r i s e s  as t o  what v a l u e s  

lowing a n a l y s i s .  
' s h o u l d  6 be  f o r  b e s t  per formance .  T h i s  i s  answerea  i n  t h e  f o l -  

L e t  t h e  t r a n s m i t t e d  s i g n a l  ks(t) be d e f i n e d  as 

i 
where 

k i s  t h e  r e c i p r o c a l  of t h e  c h a n n e l  p r o p a g a t i o n  l o s s  factor 

r ( t )  i s  a random b i n a r y  d i g i t  o f  d u r a t i o n  T s e c o n d s  w i t h  
e q u a l  p r o b a b i l i t y  o f  b e i n g  e q u a l  to 1 or -1 

I#I i s  a un i fo rmly  d i s t i r b u t e d  random v a r i a b l e  

A 2  = - 2E ( b i n a r y  d i g i t )  
T 

w i t h  E ( b i n a r y  d i g i t )  i s  t h e  r e c e i v e d  s i g n a l  ene rgy  per 
b i n a r y  d i g i t  

T h e  s i g n a l  i s  c o r r u p t e d  b y  a d d i t i v e  g a u s s i a n  n o i s e  
n ( t )  which i s  g i v e n  by 

n , ( t )  and n 2 ( t )  a r e  i d e n t i c a l l y  d i s t r i b u t e d  z e r o  mean 
g a u s s i a n  random p r o c e s s e s  each of whose spec t rums  i s  w h i t e  

w i t h  7 t h e  two s ided  n o i s e  s p e c t r a l  d e n s i t y .  
s i g n a l  ( x ( t >  = s ( t )  + n ( t ) )  when m u l t i p l i e d  b y  a c o h e r e n t  s i n e  
wave ( r e f e r  to F i g u r e  2 )  and i n t e g r a t e d  r e s u l t s  i n  a n  i n p u t  to 
the q u a n t i z e r  g i v e n  by 

* o  
The r e c e i v e d  

* A  more g e n e r a l i z e d  r e p r e s e n t a t i o n  of a b i - o r t h o g o n a l  PSK 
t r a n s m i s s i o n  c o u l d  be used .  However t h e r e  i s  no loss i n  
G e n e r a l i t y  i n  u s i n g  t h i s  s imple r  model. 
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m 

Given d t ) ,  y ( t >  i s  a g a u s s i a n  random v a r i a b l e  
( i n t e g r a t i o n  i s  a l i n e a r  o p e r a t i o n )  w i t h  the mean of y g i v e n  

B A r ( t )  u n d e r  t h e  a s sumpt ions  by = 2 

!ii 

cos  2 w o t  d t  2 0 1 

The v a r i a n c e  of y i s  computed below 

$1' I T  E [ n 2 ( t l ) n 2 ( t , ) 1  coswOtl coswot2 sinwOtl s i n w o t 2  d t l  d t 2  

" T h i s  occurs i f  w e  d e s i g n  o u r  sys t ems  s u c h  t h a t  

1, 2 ,  3, ...> o r  i f  cos2wot d t  < <  T. I' 2wOT = ~f 2 n7: ( n :  
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Taking  t h e  e x p e c t a t i o n  and u s i n g  t h e  a s sumpt ion  o f  
w h i t e  n o i s e  t h i s  r e d u c e s  t o  

unde r  t h e  a s sumpt ion  t h a t  

where c1 i s  a p o s i t i v e  i n t e g e r .  

The  p r o b a b i l i t y  o f  a b i n a r y  d i g i t  b e i n g  r e c e i v e d  i n  
e r r o r  p i s  t h e n  g i v e n  b y  

T h i s  r e d u c e s  t o  

1 roo 
p = P[y>O]  = J exp - 

Y O  
G a  

( Y + +  @ A  2 

2 
Y 2 a  

and  c a n . b e  w r i t t e n  i n  te rms  of  t h e  complementing e r r o r  f u n c t i o n  
e r f c  as 

p = - 1 e r f c (  4 ; (b ina ry  d i g i t )  

N O  
2 
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E q u a t i o n  (15) i s  t h e  e r r o r  r a t e  for a b i -phase  
modula ted  s i g n a l  as i s  t o  be e x p e c t e d .  

I n  t h e  2 l e v e l  q u a n t i z e r  c a s e  o n l y  s i g n  i n f o r m a t i o n  
of y was e x t r a c t e d .  T h e  4 l e v e l  q u a n t i z e r  e x t r a c t s  more 
i n f o r m a t i o n  f'rom y and e n a b l e s  u s  to d e s i g n  o u r  system t o  
t ake  advan tage  of t h e  " t a i l i n g  o f f "  n a t u r e  o f  t h e  g a u s s i a n  
d i s t r i b u t i o n .  Thus we w i l l  soon  s e e  t h a t  we c a n  d e s i g n  a 
4 l e v e l  q u a n t i z e r  s o  that n e a r l y  a l l  t h e  t ime we do n o t  make 
e r r o r  t h e  q u a n t i z e r  o u t p u t  i s  a t  i t s  h i g h e s t  w e i g h t i n g  ($2) 
w h i l e  n e a r l y  a l l  t h e  t ime  e r r o r s  a re  made t h e  q u a n t i z e r  o u t -  
p u t  i s  a t  i t s  l o w e s t  we igh t ing  i1. 

We r e t u r n  t o  o u r  a n a l y s i s .  I n  f i g u r e  1 2  t h e  p rob-  
a b i l i t y  d e n s i t y  f u n c t l o n  o f  y i s  s k e t c h e d  assuming 
I? = - and r ( t >  = -1. 4 

A 

DENS I T Y  FUNCT I Oh 

- 2  CORRELATION 

- 2  - b  0 6 

my PROBAB 

v z  PROEAB 

QUANTIZER L E V E L  S E T T I N G S  

L l T Y  y < 0 - NO ERROR - ( I - P )  

L l T Y  y > 0 - ERROR - ( P )  

F I G U R E  12 - P R O B A B I L I T Y  D I S T R I B U T I O N  OF P O S S I B L E  I N P U T S  AND OUTPUTS FOR A 
4 L E V E L  A I D  CONVERTER ASSUMING r (  t) = - I 

Y 
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The d i s t r i b u t i o n  has been  d i v i d e d  i n t o  f o u r  areas 
r e p r e s e n t i n g  t h e  4 p o s s i b l e  q u a n t i z e r  o u t p u t  l e v e l s  and t h e i r  
r e s u l t a n t  e f f e c t  upon t h e  c o r r e l a t i o n  o p e r a t i o n s  which take  
p l a c e  i n  t h e  l i k e l i h o o d  d e t e c t o r .  T h u s  i f  we assume that r ( t )  
was t h e  ith b i n a r y  d i g i t  of a message word S .  ( t )  t h e n  i t s  

c o n t r i b u t i o n  to U would b e  V . .  where# 
J 

j j  J J  i 

2 .w i th  p r o b a b i l i t y  a p 

1.1 

u j j  = c v  j j i  + Cons tan t  (i=l term) 
i = 2  

(16) **  

M 
2 On t h e  o t h e r  hand - o f  t h e  o t h e r  ene rgy  measu res  (Ujk: k # j  and 

k :  1, 2, . . . M) would have a b i n a r y  d i g i t  w e i g h t i n g  f a c t o r  
'j k i  

. 

g i v e n  b y  

"Maximum l i k e l i h o o d  d e t e c t o r  o p e r a t i o n  r e s u l t s  i n  e r r o r s  
if U < max{Ujk: k f j  i: 1,2, ... MI-. 

j j  

**C i s  e i t h e r  e q u a l  t o  ? 1 o r  2 2 and i s  t h e  same f o r  
a l l  U whether  o r  n o t  i t  was d e t e c t e d  i n  e r r o r .  The message 
s t r u c t u r e  i s  such  t h a t  a l l  f i r s t  b i n a r y  d i g i t s  i n  e a c h  of  t h e  
words i s  p o s i t i v e .  

j k  
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and 

T h e  p a r a m e t e r s  a and b are g i v e n  by* 

2 
( y + 2 )  

- 2  20  
dy = 1-a 1 

Jz-;; 
u Y  

T o  c a l c u l a t e  the  1ower .bound t o  t h e  symbol e r r o r  

p r o b a b i l i t y  f o r  t h i s  c a s e  we g e n e r a t e  t h e  (i) z e r r o r  
y j  

v e c t o r s  as i n  t h e  p r e v i o u s  s e c t i o n  ( 2  l e v e l  q u a n t i z e r  a n a l y s i s )  
b u t  now f o r  e a c h  z 
each b i n a r y  d i g i t  of t h e  message can  take  on one o f  two p o s s i b l e  

t h e r e  are  2"' d i f f e r e n t  w e i g h t i n g s  s i n c e  U 
~ 

v a l u e s . * *  Thus a t o t a l  of 2 6;) e r r o r  v e c t o r s  are  t o  be c a l -  

c u l a t e d  and f o r  each t i i t .  U j i  eilei:gy measures a re  computed and 
compared t o  see if a n  e r r o r  has .been  made. Thus w e  may w r i t e  
t h e  lower  bound t o  t h e - s y m b o l  error p r o b a b i l i t y  as 

A - 
*Note 6 = 6 2 

**The (i) e r r o r  v e c t o r s  r e p r e s e n t  

which b i n a r y  d i g i t s  of a t r a n s m i t t e d  
i n  e r r o r  ( b e f o r e  quantlzation). 

t h e  p o s s i b l e  ways i n  

word can be  r e c e i v e d  
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where 

I n  Appendix C a computer program i s  d e s c r i b e d  which 

computes f o r  a g i v e n  €4 t h e  2 e r r o r  v e c t o r s ,  { k  1 .  and  t h e  
Y t S  

PL(E) and PU(E) v a l u e s .  

The M = 4 and 8 c a s e s  were programmed. T h e  r e s u l t s  
are p r e s e n t e d  i n  F i g u r e s  1 3  t h r o u g h  1 6 .  I n  F i g u r e  1 3  t h e  bounds 
on t h e  p r o b a b i l i t y  of symbol e r r o r  a r e  p l o t t e d  a s  a f u n c t i o n  o f  
b i t  ene rgy  t o  n o i s e  s p e c t r a l  d e n s i t y  and f o r  t h e  optimum $ 
q u a n t i z e r  s e t t i n g s .  
i n  F i g u r e  3 w e  see t h a t  f o r  t h e  M = 4 and 8 c a s e s  a 4 l e v e l  
q u a n t i z e r  pe r fo rms  w i t h i n  a db o f  t h e  optimum ( i n f i n i t e  l e v e l  
q u a n t i z e r )  d e t e c t  or. 

Comparing t h e s e  r e s u l t s  w i t h  t h o s e  p r e s e n t e d  

The optimum 6 s e t t i n g  i s  p l o t t e d  as a f u n c t i o n  o f  
t h e  c h i p  energy  to n o i s e  s p e c t r a l  r a t i o  i n  F i g u r e  14 to deter -  
mine  i f  t h e  6 s e t t i n g  i s  independen t  o f  M. 
from t h e  graph 6 i s  dependent  upon M .  

The s e n s i t i v i t y  t o  6 i s  s t u d i e d  i n  F i g u r e s  15 and 1 6 .  
I n  these f i g u r e s  t h e  lower  bound t o  t h e  symbol e r r o r  r a t e  i s  
p l o t t e d  as a f u n c t i o n  o f  t h e  n o r m a l i z e d  q u a n t i z e r  l e v e l  s e t t i n g  
6 for s e v e r a l  v a l u e s  of  t h e  r e c e i v e d  b i t  ene rgy  t o  n o i s e  s p e c t r a l  
d e n s i t y .  It can b e  s e e n  t h a t  i n  b o t h  t h e  M = 4 and M = 8 c a s e s  
t h e  h ighe r  E/NO i s  or t h e  lower  t h e  P L ( E )  (or PU(E)) v a l u e  t h e  

more c r i t i c a l  i s  t h e  6 s e t t i n g .  Thus w e  see t h a t  f o r  E/NO = 1 6  
and M = 4 t h e r e  i s  more than a 2 o r d e r  magni tude  d i f f e r e n c e  i n  p e r -  
formance between t h e  r e s u l t s  of a 2 l e v e l  q u a n t i z e r  ( 6 = 0 )  and  t h e  
o p t i m m  4 l e v e l  q u a n t i z e r .  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  a 6 = 8 
s e t t i n g  i s  n e a r l y  optimum f o r  a l l . v a l u e s  o f  E/NO, i n  t h e  communi- 
c a t i o n  r a n g e  of i n t e r e s t ,  f o r  b o t h  M = 4 and M = 8. Thus i t  
would be r e a s o n a b l e  to d e s i g n  a 4 l e v e l  q u a n t i z e r  which was 
a d a p t i v e  j u s t  t o  one measurement 7 ( t h e  d . c .  v o l t a g e  i n t o  t h e  
q u a n t i z e r )  s i n c e  6 = 7 (6=.8;.* 

A s  can b e  s e e n  

0. 

*For optimum 4 l e v e l  q u a n t i z e r  per formance  two measurements  
2 are r e q u i r e d ,  y and  0 . - 

Y 

. 
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. 
C.ON CLUS I ONS 

When u s i n g  a 2 l e v e l  A/D c o n v e r t e r ,  i t  was shown t h a t  
an  M'ary cod ing  improvement c o u l d  b e  achie-:ed. Compared t o  
optimum M' a r y  d e t e c t i o n  t h i s  r e c e i v e r  d i d  Lot p e r f o r m  n e a r l y  
as w e l l .  However, for M = 32 i t  was shown t h a t  p e r f o r m a n c e  
was b e t t e r  t h a n  o r d i n a r y  PSK. 

A sys t em u s i n g  a f o u r  l e v e l  A/D computer  was shown 
ab le  t o  per form to w i t h i n  a DB o f  optimum yjerformance ( f o r  
M = 4 and 8 ) .  To  o b t a i n  t h i s  pe r fo rmance  2. r e c e i v e r  would 
have  to b e  d e s i g n e d  to measure t h e  d . c .  v o l t a g e  7 and  t h e  a . c .  
power o 2  i n t o  t h e  A/D c o n v e r t e r  and a d a p t t h e  q u a n t i z e r  l e v e l  S e t t i n P  

shown t h a t  n e a r l y  optimum 4 l e v e l  A/D c o n v e r t e r  p e r f o r m a n c e  
was a c h i e v e d .  Thus f o r  such  a s e t t i n g  o n l y  one measurement  
n e e d  be  t a k e n .  

:J 

based on such  measurements. Tf 2 i s  set e q u a l  to. 8y it  was 

It would b e  i n t e r e s t i n g  t o  e x t e n d  t h i s  work 
e x p e r i m e n t a l l y  t o  d e t e r m i n e  i f  t h e  c o n c l u z i o n s  obt r r ined  i n  
t h i s  p a p e r  f o r  low v a l u e s  of M h o l d  f o r  h i g h e r  v a l u e s  of M. 
I n  a d d i t i o n  a s t u d y  o f  d i g i t a l  d e t e c t i o n  o f  b i - o r t h o g o n a l  and 
c y c l i c a l l y  p e r m u t a b l e  codes  a r e  n a t u r a l  e x t e n s i o n s  of t h i s  
p a p e r .  
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APPENDIX A 

Upper and lower  bounds f o r  symbol e r r o r  p r o b a b i l i t y  
where e r r o r  we igh t  f a c t o r  i s  computed e x a c t l y ,  f o r  two l e v e l  
q u a n t i z a t i o n .  

By Natal ie  14. Myerberg 

I .  PURPOSE 

To compute uppe r  and lower  bounds for symbol e r r o r  
p r o b a b i l i t y ,  where e r r o r  w e i g h t  f a c t o r  i s  computed e x a c t l y ,  
f o r  two l e v e l  q u a n t i z a t i o n .  

11. METHOD 

A s e t  o f  e r r o r  v e c t o r s  are  g e n e r a t e d ,  r e p r e s e n t i n g  
a3.1 p o s s i b l e  combina t ions  of M e l e m e n t s ,  w i t h  I4/11 errors. T h e  
inner p r o d u c t  o f  t h e  error v e c t o r s  w i t h  each  s i g n a l  v e c t o r  $ 2  
compared t o  t h e  maximum i n n e r  p r o d u c t  v a l u e  (T/I/2) and an  i-th 
error v e c t o r  as a r e s u l t  of t h e s e  compar isons .  

Number w i t h  maximum i n n e r  p r o d u c t  v a l u e  -1 
Number w i t h  maximum i n n e r  p r o d u c t  v a l u e  K ( l )  = 

The e r r o r  we igh t  f a c t o r  (KK) i s  t h e  summation of t h e  i - t h  e r r o r  
w e i g h t  f a c t o r s  (K(1)'s). The e r r o r  weight  f a c t o r  i s  u s e d  i n  
comput ing  t h e  lower  (PEL) and upper  (PEU)  bounds for symbol 
error p r o b a b i l i t y .  

M 

M J=p1 
c 

where P i s  t h e  b i n a r y  d i g i t  e r r o r  p r o b a b i l i t y  r a n g i n g  from 
10-1 to 10-5 

111. ' INPUT 

M - Order of symbol  a lphabe t  

S - S i g n a l  v e c t o r s  
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M i s  read from t h e  first card and S, an  MxN a r r a y ,  I s  read 
from t h e  r e m a i n i n g  c a r d s .  

IV. ROUTINES USED 

COMB - F i n d s  combina t ions  used  i n  computing t h e  
u p p e r  bound f o r  symbol. error p r o b a b i l i t y  

~ ~ 1 6  - Computes e r r o r  weight f a c t o r .  
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APPENDIX B 

Upper and lower  bounds for symbol e r r o r  p r o b a b i l i t y ,  
where e r r o r  weight f a c t o r  i s  u p p e r  and lower  bounded, for two 
l e v e l  q u a n t i z a t i o n .  

By Nata l ie  FI. Myerberg and  Carol A .  F r i e n d  

I. PURPOSE 

To compute upper  and lower  bounds for symbol e r r o r  
p r o b a b i l i t y ,  w i t h o u t  computing error weigh t  f a c t o r  e x a c t l y  
for two l e v e l  q u a n t i z a t i o n .  E r r o r  we igh t  factor i s  uppe r  and 
lower  bounded. 

11. METHOD 

G e n e r a l i z e d  formulas for t h e  u p p e r  and lower bounds 
for symbol e r r o r  p r o b a b i l i t y  a re  used :  

A .  

B. 

Lower bound 

Upper bound for M < 6 4 :  
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PEU = PEUl t (M-J) 

f o r  M 64: 

r4 
(PI-J) PEU = PEUl t ' PJ ( 1 - P )  

+[(! ) t !) (i ) t $ (i) (31 
4+ 2 Q+I 

111. INPUT 

M - O r d e r  o f  symbol a l p h a b e t  

PP - P r o b a b i l i t y  o f  b i n a r y  d i g i t  error 

M and PP are r e a d  f rom data c a r d s  u s i n g  Namelist. PP 
i s  a n  array c o n t a i n i n g  as many as s e v e n  e l e m e n t s  e a c h  r e p r e s e n t i n g  
a b i n a r y  d i g i t  e r r o r  p r o b a b i l i t y .  

IV. ROUTINE USED 

COMB - F i n d s  combina t ions  u s e d  i n  computing t h e  l o w e r  
and u p p e r  bounds f o r  symbol e r r o r  p r o b a b i l i t y .  
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APPENDIX C 

Upper and lower  bounds for symbol e r r o r  p r o b a b i l t y  
for f o u r  l e v e l  q u a n t i z a t i o n .  

I 

By 3Jatalie 14. Myerberg 

I.  PURPOSE 

To compute lower  and uppe r  bounds for symbol e r r o r  
p r o b a b i l i t y  f o r  f o u r  l e v e l  q u a n t i z a t i o n .  

11. METHOD 

E r r o r  v e c t o r s  a r e  g e n e r a t e d  r e p r e s e n t i n g  a l l  p o s s i b l e  
combina t ions  of  M e l e m e n t s  w i t h  M/4 errors. For four l e v e l  
q u a n t i z a t i o n ,  t h e  elernefits o f  t h e s e  e r r o r  v e c t o r s  a re  w e i g h t e d ,  
and,  c o n s e q b e n t l y ,  e a c h  e lement  may assure one of f o u r  p o s s i b l e  
v a l u e s  a f t e r  q u a n t i z a t i o n .  Two q u a n t i z e d  e lement  v a l u e s  
r e p r e s e n t  e r y o r  (-1, -2), w h i l e  two r e p r e s e n t  n o n - e r r o r  (t1, 
t2). Thus,  t h e  e n t i r e  array of  e r r o i -  v e c t o r s  f o r  Tour  l e v e l  

q u a n t i z a t i o n  c o n t a i n s  (2IM e r r o r  v e c t o r s  of li”i e l e m e n t s  e a c h .  

Corresponding  to each q u a n t i z e d  e l e m e n t  v a l u e  o f  a n  
e r r o r  v e c t o r ,  i s  a n u m e r i c a l  v a l u e  r e p r e s e n t i n g  t h e  p r o b a b i l i t y  
t h a t  an  e lement  w i l l  b e  q u a n t i z e d  w i t h  t h a t  v a l u e .  Given t h a t  
a n  e r r o r  was made w i t h  p r o b a b i l i t y  P i n  t h e  c h a n n e l ,  t h e n  A 
i s  t h e  p r o b a b i l i t y  t h a t  t h e  error w i l l  b e  q u a n t i z e d  as a -2 
v a l u e ;  and  (1-A), as a -1 v a l u e .  Given t h a t  no error o c c u r r e d  
w i t h  p r o b a b i l i t y  (1-P)  i n  t h e  c h a n n e l ,  t h e n  B i s  t h e  p r o b a b i l i t y  
t h a t  t h e  error w i l l  be q u a n t i z e d  as a t 2  v a l u e ;  and ( 1 - B ) ,  as 
a +1 v a l u e .  

QUANTI  ZED ELEMENT VALUE NUMERICAL VALUE 

+1 (1-8)(l-P) 
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J 

2P A =  

DELTA 1 
2 J  ERFC [jk (1- 

B = l -  2(1-P) 4- P(1-P) 

d i g i t  e r r o r  p r o b a b i l i t y  

Thus,  a s s i g n e d  to each  e r r o r  v e c t o r  i s  a weight v a l u e  
which i s  t h e  p r o d u c t  o f  the n-umerical  v a l u e s  c o r r e s p o n d i n g  to 
t h e  q u a n t i z e d  e l emen t  v a l u e s  of' t h e  e r r o r  v e c t o r .  

Another  w e i g h t  f a c t o r  (AK) i s  a s s i g n e d  t o  each  e r r a r  
v e c t o r  a c c o r d i n g  t o  v a l u e s  o b t a i n e d  b y  computing t h e  i n n e r  
p r o d u c t  o f  t h e  e r r o r  v e c t o r  w i t h  e a c h  s i g n a l  v e c t o r .  

Number w i t h  m a x i m u m  i n n e r  p r o d u c t  v a l u e  -1 
Number w i t h  maximum i n n e r  p r o d u c t  v a l u e .  ' (A!< = 

e x c e p t  i f  t h e  f i r s t  i n n e r  p r o d u c t  v a l u e  i s  l e s s  t h a n  any 
o t h e r  i n n e r  p r o d u c t  va lue  for t h a t  e r r o r  v e c t o r ,  i n  which 
c a s e  AK = 1). 

The f i n a l  weighted c o n t r i b u t i o n  t o  t h e  lower  bound f o r  
p r o b a b i l i t y  of  symbol e r r o r  caused  by each e r r o r  v e c t o r  i s  t h e  
p r o d u c t  of t he  two weight  f a c t o r s  a s s i g n e d  t o  i t .  S i n c e  
PM/4(l-P) ("-r4/4) can be f a c t o r e d  from e a c h  a s s i g n e d  w e i g h t  v a l u e ,  
t h e  weighted c o n t r i b u t i o n s  of e a c h  e r r o r  v e c t o r  are summed 

to r e s u l t  i n  (SUM), and t h e n  m u l t i p l i e d  b y  P W 4  ( 1 - p )  ( M - r 4 / 4  
t h e  lower  bound f o r  p r o b a b i l i t y  o f  symbol e r r o r .  
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( M - M / 4  ) PEL = SUM ( P )  M’4 (1-P) 

111. INPUT 

EO - s t a r t i n g  v a l u e  f o r  E/N@ ( r a t i o  o f  ene rgy  p e r  c h i p  
t o  n o i s e  s p e c t r a l  d e n s i t y )  

EINC - ’  incre inent  f o r  E/NO 

EEND - last va lue  for E/NO 

DELO - f i r s t  v a l u e  for DELTA ( n o r m a l i z e d  q u a n t i z e r  l e v e r  
s e t t e r )  

DELINC - i nc remen t  for DELTA 

DELEND - l a s t  v a l u e  for DELTA 

N - o r d e r  of  symbol a lphabe t  ( M )  

S - s i g n a l  v e c t o r s  

EO, EINC, EEND, DELO, DELINC, DELEND, and f J  are read 
from da ta  c a r d s  u s i n g  n a m e l i s t .  S i s  a n  N X N  a r ray ,  read from 
t h e  r ema in ing  data  c a r d s .  

V. ROUTINES USED 

ERFC - Computers ERFC 

COMB - F i n d s  combina t ions  used  i n  computing uppe r  
bound f o r  symbol e r r o r  p r o b a b i l i t y  

LBND - Computes e r r o r  weight  f a c t o r  (SUM) f o r  l ower  
bound f o r  symbol e r r o r  p r o b a b i l i t y .  
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